The geometry of spinors and the multicomponent BKP and 

DKP hierarchies 



Victor Kac* Johan van de Leur^' 

Department of Mathematics, Faculty of Applied Mathematics, 
Massachusetts Institute of Technology University of Twente 

q\ ; Cambridge, MA 02139 P.O. Box 217, 7500 AE Enschede 

USA The Netherlands 



\^ , Abstract 

We develop a formalism of multicomponent BKP hierarchies using elementary 
^ ' geometry of spinors. The multicomponent KP and the modified KP hierarchy (hence 

. all their reductions like KdV, NLS, AKNS or DS) are reductions of the multicomponent 

O ■ BKP. 

o ■ 

^ ' 1 Introduction 

ON , 

The remarkable connection between the KP hierarchy and representation theory was dis- 



o 

C/3 



covered in the early 1980's by Sato ||15|] and further developed by Date, Jimbo, Kashiwara 
and Miwa Q using the spinor formalism and the classical boson- fermion correspon- 
dence. We will now describe this in some detail. 

Consider the vector space V = © V~ , where = 0jg^^i Cipf with symmetric 
bilinear form 



><■ (Vf,V'f) = 0, {^^Jt,i;J) = 6,,.,. (1.1) 
Let Ci V be the associated Clifford algebra with relations {u,v G V): 

uv + vu = {u,v)l. (1-2) 

Consider its spin representation in a vector space F with vacuum vector |0) such that 

^/;±|0) = forj>0. (1.3) 
By introducing the notion of charge as follows: 

charge |0) =0, charge ip^ = ±1, 
the space F decomposes into charge sectors 
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The group Spin V generated by all elements of the form 1 + atpftpj (a G C) acts on F 
and preserves the charge sectors. 
The operators 



commute with the diagonal action of Spin V on F®F. Since 5=^(|0)«)|0)) = 0, an element 
r of Oo = Spin y |0), the group orbit of the vacuum vector, satisfies equations 

S^{t®t)= Tpfr ipljT = 0. 

iez+i 



One can show that equation (1.4)+ and (|1.4|)- are equivalent and that the converse also 



holds: if T 7^ satisfies (|LJ)+, then r G Oq (see ||T^ for a proof). The same holds for 



(1.4)_. Each of the equivalent equations ( |1.4[) -|- and (l-4)_ is called the KP hierarchy. 
The orbit Oq can be identified with an algebraic version of Sato's infinite Grassmannian. 
Let for k £ Z, = ^j^j^Cip^ , the Grassmannian Gr^ consists of all subspaces C 
such that for all k » C and dim W^/U^ = k. Let r G O^, then one can 
identify the corresponding G Gr^ as follows; 

= {ve V^lvT = 0}. 



Recall the classical boson-fermion correspondence [|10[. Consider the following generating 
series, called charged fermionic fields: 



Then we have: 

'ip\y)r{z)+i^''{z)i^\y) = 5x,^^6{y-z), A,/i = ±, (L6) 

where 

S{y-z)=y-^Y(iy- 
We split up the fields ip^{z) in its positive and negative part: 

ip^{z) = tp^ (z) ^ + ip^ (z) - , where 
i^^i^U=J:^ez+i^t_l/ and V'±(z)_ =V^(z)-V±(z)+, 

so that 

V'±(z)|o) = V'^(z)+|o). 

Define the bosonic fields 

a{z) = Y o^kz-'-' =: i>+{z)i,~{z) : (L7) 
fcez 

where the normally ordered product is defined, as usual, by 

: ^\y)r{z) ■■= i^\y)+nz) - r{z)i^\y)- 
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Then one has (using Wick's formula): 

= -\5{y-z), A = ±, 

(1.8) 

[a{y),a{z)] = 5'^{y-z). 

Thus, the am form the oscillator algebra, 

[am,an] = mSm-n, with OfclO) =0 for A; > 0. 

The operator uq is diagonalizable in F, with eigenspaces the charge sectors Fj,, i.e. cto/fc = 
kfk for fk^Fk- For that reason we call the charge operator. 

In order to express the fermionic fields il)^{z) in terms of the oscillator algebra, we need 
an additional operator Q on F defined by 

Q|0) =^^+110), Q^+ = V'± Q. 

2 

Theorem 1.1 (1^, §/, ^) 

fc<0 fc>0 ^ 

We now identify F with the space B = C[q,q^^ ,ti,t2, ■ ■ ■] via the vector space homorphism 

a : F^B 

given by 

a{a-mi . . . a-rnsQ''\0)) = mim2 ■ ■ ■ mstm^tm2 ■ ■ ■ tmsQ^- 

The transported charge is as follows 

charge {p{t)q^) = k, 
and the transported charge decomposition is 

B=^Bm, where Bm = C[ti, • • • k""- 

The transported action of the operators and Q on S is as follows: 

aa-.m(y'^{p{t)q^) = ■mtmP{t)q^ , 



aam<y-\p{t)q'') = ^ 



aaaa ^{p{t)q^) = q§-q{p{t)q^) = kp{t)q^ , 

aQa-^{p{t)q^) = p{t)q^+^. 

Hence 
where 

oo °° \ d 

i{t, z) = Y, tkZ^ and r?(t, z) = ^ TJ^^'^- 

k=i k=i ^ 
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We now rewrite equations (l-4)-|- in the bosonic picture. First notice that (1.4)-|- is equiv- 
alent to 



Res^=od2; ■ip^{z)T O iJj'^{z)t = 0. 



1.^ 



Here and further IieSz=Qdz J2 fi^^^ where the fi are independent of z, stands for Now 
think of Bq Bq as the polynomial algebra C[t'i, t'l, t^-, . . . ]. Then applying a to both 



sides of (|1.9|) -|-, we obtain a system of equations describing the orbit (t{Oq): 
Res,=od^ eT'?(t',.)^(i/)e±«{t',^)e±'y{t",^)^(t//)eTC{t",^) = q. 

Divide ( |1.1C1| )-|- by T{t')T(t"), one obtains the bilinear identity 

ReSz=odz ^^{t',z)^^{t",z) = 0, 
for the KP wave function ^^{t, z) and its adjoint ^^{t, z) defined by 



^^{t,z) 



3T'?{M)T-(t) 

r{t) ' 



Instead of dividing by T(t')T{t"), one can make a change of variables 



tk - -^{t'k + tk), Sk - -{t'k - t'l) 



Then ( |1.1C1| )-|- becomes 



Res,=odz e±«(2^'^)e^''(^'^)r(s + t)r(t - s) = 0. 



0= 



(1.11) 



Introducing the elementary Schur functions Pk{t), k £ Z by 



we rewrite ( tl.l2 )-|- as follows 



E Pj{±2s)Pj+i{T§-Jr{s + t)T{t -s) = 0, 

3=0 



where 



d _ d Id Id 
di ~ ^dt^' 2dh' 3dt^' 
Using Taylors formula we rewrite ( |1.14| )-|- once more: 



E Pi(±2s)P,+i(T— )e^-i^'-^r(t + u)T{t - n)U=o = 0, 

jr=0 



which is a generating series of Hirota bilinear equations for the KP hierarchy: 

OO 



:i.i3) 
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Recall that for a polynomial p, the corresponding Hirota bilinear equation on a and p is 

d 

p{D)a • p = p{—)a{t + u)p{t - u)\u=Q = 0. 

Calculating the coefficient of S3 in ( 1.161 )4- obtains 

{D\- 4.DiD^ + 2,dI)t -T = {). (1.17) 

Putting X = ti, y = t^, t = ts an d u{x , y, t) = (2 log r(2;, y, t, t4, ts, . . . ))^^, where ti,t^, . . . 
are viewed as parameters, then ( |1.17| ) turns into 

I -( -I _i ^ 

which is the classical Kadomtsev-Petviashvili (KP)equation (hence the name KP hierar- 
chy). 

We return now to r G Oq. Instead of considering only £ Gr^ or G Gr^ one could 
consider Wr = W:^ © ^-T- Notice that this is a maximal isotropic subspace of V . So 
instead of considering Gr^ one could consider another Grassmannian Gr, consisting of all 
maximal isotropic subspaces W C V' such that C W for A; >> 0. This Grassmannian 
should parametrize some other group orbit. In order to describe this group, it will be 
convenient to add one more basis element to V . Let V = V (B CipQ, with bilinear form 
given by (|1.1| ) and 

(^^0,^0 = 0, (^0,^0) = 1. 



Let Gi V be the corresponding Clifford algebra, with relations ( |1.2D ,but now for u,v £V. 
The spin representation of C£ V in the vector space F is given by ( |1.3| ) and 

V'olO) = --^|0). 

Since iI^q = ^, the eigenvalues of '00 on F are a-nd Let Fq and Fj he the 

corresponding eigenspaces. Then Fp- = 0fcei/+2Z-^fc- Let Spin V (resp Spin V') be the 
spin group generated by all invertible elements of the form 1 + auv, a G C, u,v £ V (resp. 
u,v £ V) (see Section 2 for more details). Then clearly F (resp. F-p) is a Spin V- (resp 

Spin F'-)module. Let |1) = V_i|0) and let O = Spin V\0), (resp. O77 = Spin V'M) be 

2 

the Spin V- (resp Spin y'-) orbit of |0) (resp. |z^)). Then Ojj C O n Fjj. 
To a T G O there corresponds a point W,- G Gr given by 

= E V\VT = 0}, 

called the annihilator space of r. Let 

S' = S+ + S- and 5 = V'o ® V'o + 5'- 

One of the main observations of this paper is the following theorem, proved in §2 using 
some simple arguments on geometry of spinors: 

Theorem 1.2 (a) If t £ F and r 7^ 0, then t £ O if only if t satisfies the equation 

SiT^T) = ^T(g)T. (1.18) 
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(b) If T & Fjj (v ^ Tj/TL) and r 7^ 0, then r G Op- if and only if t satisfies the equation 

5'(r0T)=O. (1.19) 

Equation ( 1.18| ) (resp. ( |1.19D ) is called the fermionic BKP (resp. DKP) hierarchy. As a 
consequence we obtain 



Corollary 1.1 Let r £ (k £2,), then r satisfies the KP hierarchy, i.e. equation (|L^±, 
if and only if t satisfies the DKP (or BKP) hierarchy. 

If we spHt up r G O into eigenspaces for ipQ, i.e., r = tq + ti with —^/2il)QTy = {—Yt^, 
then one has 

Theorem 1.3 Let t ^ F, t = tq + ti, where r^, G F-y. Then r satisfies the fermionic BKP 
hierarchy if and only if both tq and ti satisfy the DKP hierarchy (1.1^) and the Modified 
DKP hierarchy: 

S'(to® Ti) = Ti To. (1.20) 

As in the case of the KP hierarchy, we will again use the boson- fermion correspondence to 
rewrite the BKP hierarchy in the bosonic picture. Notice first that ( 1.18| ) is equivalent to 

ReSz=odz -ipQT (g) ijjQT + iI)~^{z)t (g) il>~ {z)t — -iIj~{—z)t Cg) 4)~^{—z)t = -^t r. 

^ ^ (1.21) 

Now apply a to ( |1.21| ). Writing (t(t) = J2nezTn{t)q^ , we obtain 
Res,=o'i^ E ^(-)"^n(t')('?')"(-)'"T„(t")(g")'" 

+ z"e«(*''^)e-''(*''^)T„(t')(g')"+^^~"'e-«(*"'^)e^(*"'^)T„(t")(g")™~^ 

- (-z)-"e-«(*''-")e''(*''-^V„(t')(g')""n--z)™e«^*"'-")e'''(*"'-^V„(t")(^")™'^fl.22) 

= ^ E rn{t'Wrrm{t")iQ"r- 

Taking the coefficient of {q')"'{q")"^ , we find for all n,m the following equation: 

Res,=o^i^ l(_)V,(t')(_)-r„(f") 
2z 

+ ^n-ie?(t',^)e-^{t',-)^„_^(i')^-™-ie-?{t",^)e'?(*"-^)r„+i(t") 
-(-z)-"-ie-«(*''-^)e''(*'-^V„+i(t')(-^)'""'e«(*"-^)e-''(*"'-^)T„_i(t") (1.23) 

= ^Tn{t')Tm{t"). 

Now divide by Tp{t')Tq{t") for p = n — l,n,n + 1, q = m — l,m,m + 1 and view the 
obtained result as products of rows and columns of 3 x 3-matrices. In other words, let 

S{z) = diag (-1,^,1), 

Q^{t,z) = diag (eT«(*'^),l,e±«(*'^)), (1.24) 
R^{n,z) = diag ((-z)T",(-)'^,z±"), 
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Tn{t) 



-l„±rj{t,-z) 



rn±iit) 



Tn{t) 



z e 



Tn±2{t) -Tn±l{t) 



Tn{t) 



J 



[1.25) 



( 1 \ 



r±(n,t,z) 
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r„±i/r„(t) 1 



(1.26) 



and put 

(n, t, z) = (n, t,z)K^ (n, (t, z) 

then (1.23) is equivalent to 



(1.27) 



HeSz=odz ^'^(n, t', z)S{z) (m, t", z) = ^eSz=Qdz T~^{n, t' , z)S{z) *T (m, t", z). 

(1.28) 

We can rewrite this once more to get a nicer formula. Define BKP wave functions by 

^>=^(n, t, z) = T^{n, t, z)'^^^in, t, z), (1.29) 

then (1.28) turns into 



ReSz=odz <^>^{n,t',z)S{z) *^>~(m,t",z) = diag (0, -,0). 



(1.30) 



From the formulas ( |1.25| ), ( |1.26| ) and ( 1.29| ), it is easy to determine that ^~{n,t,z) is 
completely determined by {n,t, z). Using the bilinear identity ( 1.30| ) one can in fact 
show that $+(n,t,z) determines its neighbors <I>"'"(nib l,t,z). The DKP bilinear identity 
on the wave functions is obtained from (1.30) by removing the second row and column 
from all matrices (1.24)-( [l.26 ). 

Differentiate ( 1.301 ) by t'^, then using Lemma 5.1 of this paper, we obtain the Sato equation 
of this BKP hierarchy. Fix n £ Z, let d 



and let 



N{i,d) 
Kid) 



diag (-(-5)^0,9^), 

r+(n, t, 9)-ip+(n, t, d) = ET=o K(^^d-^, 



(i) 

then = for i = 1, 2, 3 and j = 1, 2, . . . . One finds the following Sato equation: 
dK{d) 



dtp 



-{K{d)N{£, d)K{d)-^S{d))+S{d)-^K{d). 



(1.31) 



We now return to equation (1.23) and rewrite it into a generating series of Hirota bilinear 



equations. Make the same change of variables as before, viz. (1.10) and use the elementary 
Schur functions defined by (1.13). Then ( |1.23| ) is equivalent to 



1 ^ d 

_ 1)^^(5 + -S) + J2 Pji2s)Pj+n~m-li—g^)Tn~lis + t)wi(t - s) + 

3=0 



d 



Pj(-2s)Pj+m_„_i( — )r„+i(s + t)Tm-lit - s) = 0. 



(1.32) 
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Using Taylor's formula this turns into the following generating series of Hirota bilinear 
equations: 

1 oo 



2 



j=0 

P,(-2s)P,+„_„_i(^)eSr.i^'-^'-r„+i • Tm-i = 0. ^^-^^^ 



The simplest Hirota bilinear equations of the charged BKP hierarchy, appear in the con- 
stant term when we take m — n = 3 and 4 [m — n = 0, 1, 2 give trivial equations): 

{DI + D2)Tn+l ■ Tn+2 = '^TfiTn+Z, 

(1.34) 

{Dl + 3DiD2 + 2D-i)Tn • Tn+2 = 0. 

The coefficient of S3 with n — m = 2 gives: 

{Di - 4DiD3 + 3Dl)Tn ■ Tn = 24r„+2T:„_2. (1.35) 

Another BKP hierarchy, which is natural to call the neutral BKP hierarchy, was introduced 
in IQ]. It uses neutral fermions and the neutral boson-fermion correspondence (cf. §3.2 of 
the present paper). 

In this paper we consider the general situation of n charged fermions and n' neutral 
fermions. Using the multicomponent boson-fermion correspondence we derive the general 
multicomponent BKP and DKP hierarchies in the form of a system of Hirota bilinear 
equations and in the form of bilinear equations on the wave functions (§§3 and 4). Note 
that though the BKP hierarchy in the fermionic picture is always the same (eq. ( |1.18 )), 
different bosonizations (depending of the choice of the multicomcponent fermions) produce 
quite different hierarchies of partial differential equations. 

As in the case of the n-component KP hierarchy (see |11]) we go on to develop the formal- 
ism of Sato and Lax equations for the multicomponent BKP hierarchies (§5). In conclusion 
we derive a OSASM-type formula (§6), using the method of 111] (see also ^^). 



2 Geometry of spinors 

Let y be a vector space with a symmetric bilinear form (•,•). We shall assume for simplicity 
that V is at most countable dimensional. Given a non-isotropic vector a (i.e. {a, a) 7^ 0), 
the associated reflection is defined by 

2{a,v) 

ra{v) = v - -a. 

[a, a) 

We denote by 0{V) the group generated by all — and by SO{V) its subgroup consisting 
of products of an even number of reflections. 

Let ClVhe the associated Clifford algebra, that is the quotient of the tensor algebra over 
V by the ideal generated by relations 

uv + vu = {u,v)l, where u,v & V. (2.1) 

If {vi}i(zj is a basis of V indexed by an ordered set, then the elements 

Vi^Vi2 ■ ■ - Vi^ with ii < 12 < . . . < is, s e Z+, (2.2) 
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form a basis of Ci V. We have a Z/2Z-gradation 



C£v = ce^v e ce-v 



where CiuV {v G Z/2Z) is spanned by all products of the form (2.2) with s = v mod 2. 
Here and further we identify V with its image in V . 

Let (C£ V)^ denote the multiplicative group of invertible elements of the algebra CI V . 
We denote by Pin V the subgroup of {CH. V)^ generated by all the elements a such that 
aVa-^ = V and let Spin V = VmVr\ Cl^V. 
If a G y is a non-isotropic vector, then, by 



a- = v^, (2.3) 

(a, a) 



hence a&{ClVY. From (|2l|) and (|2J) we obtain 

ava~^ = —ra{v), (2-4) 

hence a G Pin y. We have a homomorphism T : Pin V — > 0(y),g i-^ Tg defined by 
{v G V): 

Tg{v) = gvg-' G V. 



Let [/ be a subspace of CI + V. Let 

^7) = ce v/{ce v)u 

and let |0) denote the image of 1 in F(V,U). The space F(y,U) caries a structure of a 
Ci y-module induced by left multiplication. This module restricted to Pin V is called a 
spin module of the group Pin V. 

Consider the special case when V has a basis {vi}i(^z such that 

{vi,Vj) = 6i-j i,j£Z. (2.5) 
Then Uq ■= Z)j<o ^ maximal isotropic subspace of the space V. Let 

U = Uo + C{l + V2vo) 
and consider the C£ F-module F := F{V, U). Note that 

volO) = — ^|0) and?;j|0)=0 ifi<0. 



Let 

y = {u; G y° I (u',i;o) = 0}. (2.6) 

Then CI V is a subalgebra of C£ ^ (it is actually the centralizer of vq) and Pin V , Spin 
V are subgroups of Pin V and Spin 1/. The Spin ^'-module F decomposes in the direct 
sum of submodules F^ and -Fj, called half spin modules, defined by 

F^={f &F\-y/2vof = {-Yf}. 
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The V- (resp. C^ F'-)module F is called the spin module of type B (resp. D). 
Given / € F, let 

Ann f = {v \ vf = {)}. 

If moreover / G Fjj, then 

Ann f = {v \ vf = 0}. 

Recall that we have the vacuum vector |0) G F characterized (up to a constant factor) 
among the vectors of F by the property that Ann |0) = Uq. Let |1) = fi|0) G Fj. Note 
that |1) is characterized by the property that Ann |1) = r^j+^_j (i7o)- 

Remark 2.1 It is clear that the CI-qV -module F is irreducible. The C i-^jV -modules Fq 
and Fj are also irreducible and moreover inequivalent. The same holds with CIqV (resp. 
C£qV') replaced by Spin V (resp. Spin V'). 

Introduce the following operators on the space F F: 

S' = '"j ® ^-j and S = vo(^vo + S'. (2.7) 

Since ^;^|0) = = for j < -1, v-i\0) = vi\l) = and i;o|0) = -^|0), vo\l) = ^|1) 
we find (e = or 1): 



S'{\e)^\e)) 
5(|O)0|O)) 
y(|O)0|l)) 
S'(|1)0|O)) 



0, 

i|0)®|0), 

|1)^|0), 

|O)0|1). 



(2.8) 



Lemma 2.1 The operator S (resp. S' ) commutes with the diagonal action of the group 
Pin V (resp. Pin V ) on F F. 

Proof. For a G Pin V we have 
(a (g) a)S{a-^ (g) a~^) = ^ Ta{vj) (g) r„(t;_j) 

j&Z 

since J^i'^ij'^-ik = ^j,-k (because Ta G 0(V)). The proof for S' is analogous. □ 
Let {u = 0,1): 

O = SpinF|0) and Of = Spin F^) 

be the orbit of the vector |0) (resp. |i/)) under the action of the group Spin V (resp. Spin 
V). Then clearly Pin F|0) = O and Pin V'\u) = O^UOj. 

Lemma 2.2 Ifr G O (resp. r G Ojj) and a G F (resp. a G V), then ar G OU{0} (resp. 
areO^UiO}). 
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Proof. For simplicity we consider only the case r E O-jj. If a is non-isotropic then 
c^T G 0^7^ by definition. If {a, a) = and a £ (resp. 0) Ann |z^), then a|i/) = 
(resp. there exists a u £ Ann such that {a,u) / 0, so that a + u is non-isotropic, 
hence a|z^ >= (a + u)\i') £ O^jip]-)- Since for some g G Spin V',t = g\iy) we have 
ar = g{g-^ag)W) = g{Tg-,{a))W) E ^(O^ U {0}) C U {0}. □ 

For k G Z, let Uk = J2j<-k^''^j- Introduce the Grassmannians Gr and Gr' as the sets of 
all maximal isotropic subspaces W of V, respectively V , such that W D Uk for k » 0. 

Remark 2.2 For any r G O (resp. r G Op-J we have 

Ann T £ Gr (resp. Ann r E Gr'). 

Indeed this is clear if r = |0) (resp. r = {v)), and for g £ Spin V {g £ Spin y') we have 

Ann gr = Tg{Ann r). (2.9) 



Lemma 2.3 (^aj T/ie group SOiV) (resp. SOiV')) is the group of all orthogonal trans- 
formations A of the space V (resp. V' ) such that the matrix A — I has only finitely 
many non-zero entries and detvl = 1. 

(h) The homomorphisms T -.FinV ^ 0{V), T : FinV 0{V'), T : Spin V SO{V) 
and T : Spin V' SO{V') are surjective. 

(c) The group OiV) (resp. OiV')) acts transitively on Gr (resp. Gr'). 
Proof. Let = J2 Cvj and V'^ = U'^ Cvq. It is well-known that the group of all 

07^\j\<k 

orthogonal transformations of and is generated by reflections. This proves (a), (b) 
follows from ( |2.4D and the fact that 0{U^) and 0(y^) is generated by reflections, 
(c): \iW £Gr (resp. Gr'), then W = W' + U^ for k » 0, where W C (resp. C U^). 
Now (c) follows from the well-known fact that OiV^) resp. 0{U^) acts transitively on the 
set of maximal isotropic subspaces. □ 

Corollary 2.1 The group SO{V) acts transitively on Gr. The group SO{V') has two 
orbits on Gr' , that of Uq and of Uq = r„^+„_-^(C/o). 



Corollary 2.2 Let t £ F (resp. r £ Fy). Then Ann t is a maximal isotropic subspace 
in V (resp. V ) if and only if t £ O (resp. r £ Oj;). 

Proof. Suppose that Ann r is maximal isotropic, then it lies in Gr (resp. Gr'). Using 
corollary |2.1| , we may find ag £ SO{V) (resp. SO{V')) such that gAnn t = Uq (resp. = Uq 
or U'q). Taking g £ Spin V (resp. £ Spin V'), a preimage of g, we see that Ann gr = Uq 
(resp. = Uq or Uq) by (|2.9|) . It follows that, up to a constant, gr = |0) (resp. |0) or |1)). 
□ 

We can now prove Theorem stated in the Introduction, where S and S' are given by 
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Proof of Theorem 1.2. We only give the proof of (a). The proof of (b) is completely 
analogous. 

Since S commutes with the diagonal action of the group SpinF (see Lemma |2.1| ) and since 
the second equation of ( |2.8| ) holds for r = |0), any r G O satisfies (|1.18| ). 
For the converse, we introduce a gradation on F by letting 

deg |0) = degVi = i. 

N 

Write T = CkTk, where any is a simple vector 
fc=i 

Tk = Vj.Vj^ . . . VjJO) il > i2 > • • • > jp > 0. 

We can of course reorder and rescale in such a way that ri will be of maximal degree and 
ci = 1. If among the Tk with k > 1 there exists a ti of the form 

T£ = ViVjTi with i + j < 0, (2.10) 



we can remove this term by replacing r by (1 — C£ViVj)T, which again satisfies (1.18). Such 
1 — cviVj S Spin V for any c G C and i + j ^ 0. Repeating this procedure a finite number 

N 

of times we obtain an element of the form ti-\- (p {ip = J2 CkTk) where none of the simple 

k=2 

vectors appearing in is equal for ti, or is of the form ( ^.10| ). Since ti is a simple 



vector, which by Lemma 2.3 lies in O, ti must satisfy ( 1.1^ ). Hence ri and cp satisfy: 



Vj(p (g) V-jTl + VjTl (g) V-j(p + Vjip (g) V-j(p = -{(p (g) ri + n (g) + (y9 (/?) . 

j&Z 

If (p is non-zero, then (since ip does not contain a simple vector proportional to ti) there 
exists a J / such that vjTi V-jip ^ 0. Then vjTi must be equal to either (1) Xv^iTi for 
some —i > j, (2) Ar^ for some £ > 1 or to (3) Ari, where for all 3 cases A G C^. Clearly 
(3) is impossible and (1) and (2) are also not possible since T£ is not of the form ( 2.10| ) 



(where i = for case (2)). Hence (p = and r = ri is a simple vector, which by Lemma 
O lies in O. □ 



Equation ( |1.18D (resp. (|1.1S| ) is called the BKP (resp. DKP) hierarchy because the group 
SO{V) (resp. SO{V')) is of B (resp. D) type and because after bosonization this equation 
becomes a hierarchy of PDE's similar to the n-component KP hierarchy (cf. Introduction). 
Let, for g £ Spinl/', t^, = glv) and = g\fJ-), where i^, ;U = or 1 and fi ^ u. Then by 
Lemma and the third and fourth equation of ( ^.^ ) , and satisfy the Modified DKP 



hierarchy (see 1.20) 



5"(rj, (g r^) = (g Tu- 
It has the following geometrical interpretation. 

Theorem 2.1 Elements r^, G Oy,Tfj_ G O-p, ix ^ v , satisfy the Modified DKP hierarchy if 
and only if the space 

(Ann To + Ann ti)/ (Ann tq D Ann ri) 
is 2-dimensional and the induced bilinear form on it is non- degenerate. 



12 



Proof. Without loss of generality we may assume that u = 1 and /j, = and that = |0). 
Suppose first that (1.20) holds, then 

"^VjTi (g)V.j\0) = |0) (g)Ti. 
j<0 

Since all v_j\0) for j < are linearly independent, we conclude that {J2 ajVj)Ti = |0). 

j<0 

Hence there exists an isotropic vector wq £ V such that |0) = wqTi. Now notice that 
wo\0) = WqTi = ^{wo,wo)ti = 0. Because of the symmetry of the equation (1.20), there 
also exists an isotropic vector wi G V such that ti = wilO) . Hence 

|0) = woWi\0) = {{wo,wi) - t(;i-u;o)|0) = {wo,wi)\0) 

and therefore {wq, wi) = 1. This leads to the statement of the theorem about the annihi- 
lator spaces of tq and ri . 

Conversely,assume that ri = wiTq for some isotropic vector wi G V . Then 



^ ViWlTQ V-iTQ 

{Vi, Wl) - WlViTo V-iTo 

To (8) wiTq - {wi 1)5'' (ro tq) 

To n. 



since tq satisfies ( |1.19 ). 



□ 



Let T G O, we split up r as r = tq + ri, where Ti, G Fjj (recall that F77 are eigenspaces for 
— V2vo)- We now rewrite ( 1.1^ ): 



5"((ro + Ti) (g) (ro + n)) + vo{to + n) (g) vo{to + n) = -(tq + n) (tq + n). 

The left-hand side of this equation is equal to 

S'Hto + Ti) (ro + n)) + ^(^0 - n) ® (tq - n). 
Hence, (p.llD splits up into 4 separate equations: 

5'(r^®r^) = (1^ = or 1), 

5"(ro(g)ri) = Ti(gTo, 
^"(riigro) = ro(g)ri. 



'2.111 



(2.12) 



which are exactly the equations of the DKP and Modified DKP-hierarchy ( 1.1S| ) and ( |1.2[lD . 
Hence we have proved Theorem L3, stated in the Introduction (where S and S' are given 

by 

So we conclude that the fermionic BKP hierarchy contains the DKP hierarchy and the 
modified DKP hierarchy. We will now show that it also contains the KP hierarchy and 
modified KP hierarchy as well. We split up in some way the maximal isotropic subspace 
Uq into two infinite dimensional subspaces U^: 
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Choose bases {v_j}-^^^^i of Uq and include these bases in a basis of V by adding vectors 
{^?}iez++i ^0 such that 

(vt^vf) = 0, (uf , vf) = di-j, {vf,vo) = 0, {vo,vo) = 1. 
We will assume from now on that we have chosen these bases in such a way that 

^;t|0) =t;i|0). 

2 

The Grassmannian Gr (resp. Gr') translates in this picture to the set of all maximal 
isotropic subspaccs W C V (resp. C V) such that Uk C W ioi k » , where Uk = 

Define 

so that V = y+ + Cvq + V~ . Consider the subgroup Spin V of Spin V generated by all 
elements of the form 1 + avfvj , a G C. It preserves each of the subspaces and V~ 
and we have the induced isomorphisms Spin V^GL, where GL is the subgroup of SOiV), 
consisting of all elements g G SOiy) such that giV^) = V^. 

Lemma 2.4 Let g G GL be such that 

gv+ = Aijvf 

and let A = {Aij).^^^^_^i and A~^ = (-Bj^) .^^.^g+i ■ ^^^^^ 

gvr = ^ B_jivZi 

and 

gvo = vq. 

Proof. Suppose that gv^ = B^£^kvZ]^, then it follows from 

that B = A-^. Since g G SOiV), gvo = vq. □ 
In order to describe the group orbits of Spin V, we introduce the restricted Grassmannian 

G^=\JG^^'\ 

eel 

where Gr^^^ is the set of all maximal isotropic subspaces W C V C V such that W = 

W+ e W- with CW^ G for k»0 and dim(iy+/;7+) - dim{W-/U^) = 21. 

i(\ 

We will call i the charge of Gr . Notice that, since W is maximal isotropic, 

W- = {W+)^ f^V- . (2.13) 
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Hence determines W. 

We decompose the space F into charge sectors as follows. Define 

charge |0) =0, charge = ±1, charge vq = 0, 

and let 

F = ^Fk, where Fk = {f G F\ charge / = k}. 



Since charge (1 + av^v- ) = 0, Spin V leaves all spaces F^ invariant. 
Define the following vectors in F]^: 



\k) 

One has 



vt ,vt 3---^^t|0) for A:>0, 
■u3^_if~^_3 . . . wrIO) for /c < 0. 



Ann |A: >= ^ Cvj + ^ CvZp (2.14) 

j<k j>k 

and clearly Ann \ k) G Gr 

Lemma 2.5 The group GL acts transitively on Gr for any i £ 7^. 

Proof. Let W G then by W = W+ e {{W+)^ D V), hence W+ determines 

W. Now choose a basis W(_i, w^_3, ... of in such a way that = v^_p for p >> 0. 

Clearly there exists an invertible matrix A = {Aij)ij,=.Zi such that wj = J2i ^ij'^t • Hence 

by lemma (^), this A determines a unique g G GL such that g{J2j<e^'^j') = W^"*"- Thus 
/(^nn \i)) = W. □ 
We express the operator S in terms of the new basis 

We split this operator as follows 

S = s^ + S++S- with 

= vq^vq and = Y^jiz^+i^^f v'lj- 

It is straightforward to check that for k,i £ with ^ > 0, one has 
S^{\k + £)0\k)) = ^\k + i)®\k), 

s+{\k + (.)®\k)) = s-{\k)®\k + i)) = ^, 

{S+Y{\k)(^\k + l)) = {-)-^t\\k + l)(^\k), (2-15) 

{s-Y{\k + i)®\k)) = {-)-^i\\k)®\k + i), 
{s+f+Wk)(^\k + i)) = {s-Y+Wk + i)®\k)) = {). 
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By Lemma |2.1| , S commutes with the diagonal action of Pin V. Since for any g G 
Spin V,Tg{V^) = and Tg{vo) = vq, we deduce that S^jS'^ and S separately com- 
mute with the diagonal action of SpinT/. Denote by the Spin V group orbit of |A;). 
Let g S Spin y and let Tk = g\k) for all G Z, then since ( 2.15| ) holds one has for 
k,ieZ e>0: 

S"*" {Tk+i Tk) = 5" {Tk Tk+e) = 0, 

{S+Y{Tk(S)Tk+i) = {-)^iKrk+e^rk), (2-16) 
{S )'(rfc+£®Tfe) = (-) 2 e\Tk(E)Tk+e, 
{S+Y+^Tk'^Tk+i) = {S-Y+HTk+e^Tk)=0. 

The second equation of ( ^.161) is called the i-th modified KP hierarchy; the 0-th modified 
KP hierarchy is also known as the KP hierarchy. 

Theorem 2.2 Let Tk G Fk,k £ TL. Then Tk G Ok if and only if Tk satisfies the KP 
hierarchy, i.e., satisfies the second equation of l \2.1(\ ) fori = 0. 



The proof of this Theorem is similar to the proof of theorem L2. For a proof see |10|. 



Theorem 2.3 Let A; G G Z_|_,rfc G Ok and Tk+i G Ok+i, then one has the following 6 
equivalent formulations of the l-th modified KP hierarchy. 

(a) S+{Tk+t®Tk) = 0, 

(h) S-{Tk®Tk+l) = 0, 

(c) {S+Y{Tk ® Tk+i) = {-)-^ll Tk+t ® Tk, 

(d) {S'Yi^k+t ® Tk) = (-)^^! Tk ® Tk+e, 

(e) Ann n y+ C Ann Tk+e n , 

(f) Ann Tk+i n C Ann n . 

Proof. The equivalences (a) 44> (b), (c) <^ (d) and (e) 44> (f) are obvious. Without loss 
of generality we may assume from now on in this proof that Tk = \k). 
First assume (a) holds; since Tk = \k) one has 

Y,vtTk+i<S)vZi\k) = 0. 

i<k 

Hence, v^Tk+e = for all i < k, so (e) holds: 

Ann n C Ann Tk+e n . 
Now suppose (e) holds, then 

^t'^k+i ®\k) = Y^ vt'Tk+n ® vZi\k), 
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but this is equal to since all v'^ € Ann \k) for i < k and by (e) also v'^ G Ann Tk+£ for 
i < k. This proves the equivalence (a) 44> (c). 
Next assume that (c) holds, which is equivalent to 

V— < 4-4- _ _ ^(^-1) 

ii>i2>-->ie>k 

Since all . . . v^^\k) are linearly independent we find that 

ii>i2>...i£>k 

From which one deduces that 

Ann \k) nV^ C Ann Tk+e n . 

Hence (c) implies (e). 

Now assume that (e) holds; one has 

Ann Tk+e nV~^ = {Ann \k) D V~^)U < wf,w^, ... > 

for certain wf G wf Ann \k) ,1 < i < I. 

Without loss of generality we may assume that T^+t = wfw2 ■ ■ ■ w^\k), so 

{S+Y{\k)^Tk+e) = Yl 4r---4\k)^v-...vZi^wt...w+\k) 

ii,... 

ii,... .i^ez+i o"e5<! 

{vZi,,w+^.,^^) . . . {vZi^,w^^.^^)vt^vt^ . . . v^lk) ® 

= {-)'^^^£\wfw^...wj\k)^\k) 

e(e-i) 

= {-)^£\Tk+e^\k). 
Hence (e) implies (c). □ 



Since 11) = vi\0) = ft|0), we find that \k) e Fj^ (here, as before, k = k mod 2). Now 

2 

Ann \k) is an element of Gr and Gr' hence \k) E O and \k) G Gj^. Therefore one has the 
following 

Proposition 2.1 Let Tk G Fk,Tk+i G Fk+i (so that Tk G F-j^ and Tk+i G F-j^). Then: 

(a) Tfc satisfies the KP hierarchy if and only if it satisfies the DKP hierarchy. 

(b) Tk and Tk+i satisfy the first modified KP hierarchy if and only if they satisfy the 
modified DKP hierarchy. 

(c) Tk and Tk+i satisfy the KP hierarchy and the first modified KP hierarchy, if and only 
if Tk + Tk+i satisfies the BKP hierarchy. 

The proof is straightforward. 
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3 Orthogonal multicomponent boson-fermion correspondence 

Using a bosonization one can rewrite ( p^ , (|L2C| ) and (|2l^ ) system of partial 

differential equations. There are however many different bosonizations. In this paper we 
will consider several possibilities. The simplest one is given in the introduction. 

3.1 n-component charged fermions and 0^:^ 

In this section we will explain the n-component generalization of the classical boson- 
fermion correspondence, which was described in detail in the Introduction. 
Choose bases 

{"^f 1 1 where o = 1, 2, . . . , n, of such that ipf"' £ C/ofor i > and 

{iPf,i;'j) = 6a,-bSi,-j. (3.1) 
Define the fermionic fields (a G Z, < |a| < n): 

r{z)= E (3.2) 



Then one has the following commutation relations: 

[r{y),^\z)]+=6a,^b6{y-z). (3.3) 

We let 



where the normal ordering is defined as in the introduction. 
It is immedate that 

hence 0. 

Using Wick's formula, it is straightforward to check that the operators form a repre- 
sentation in F of the affine Kac-Moody algbera Dn^ of level 1 Q: 

[e"^(y), e^'^(z)] = (4,-^6'^'=' (z) + Sb,-de"'{z) - 6a,-ce'"'{z) - 6a,-de'\z))6{y - z) 

The Lie algebra Dn^ acts on the Clifford algebra via the adjoint representation 

[e''\y),r{z)] = {5,,^,r{z) - 5a,-c^\z))5{y - z). 



[r{y),a\z)] = -sia)5^a\,briz)Siy-z), 

(3.4) 

K(y),a^(z)] = 6a,bS',{y-z), 
in particular, the form an oscillator algebra. Here and further we let s{a) = a/\a\. 



18 



n 

The charge operator oq of the previous section is now oq = c^o- Again it is possible to 

a=l 

express the fermionic fields in terms of the oscillator algebra. However in the n-component 
case we need n additional operators Qa{a = 1, 2, . . . , n) on F defined (uniquely) by 

QJO) = V%|0), 

2 

They satisfy the following commutation relations 

QaQb = -QbQa if a^b, 
[al,Qb] = Sabh,oQb, 

QaVo = -VoQa-- 

As in the 1-component case one has 
Theorem 3.1 ( ^) 

= Q^W^^W^S exp(-s(a) ^ exp(-s(a) ^ ^z~^)- (3.5) 

k<o ^ k>o ^ 

We can now describe the n-component charged (or untwisted) boson-fermion correspon- 
dence. Let £ be the root lattice of type -B„, i.e., £ is a lattice with basis 5a{^ < q < n) 
over Z and symmetric bilinear form {5i\5j) = 5ij. Let 

J -1 if i> j, . 
= I 1 if , < (3.6) 

Define a bimultiplicative function e:£x£— >{ibl} by letting 

e{6i,6j) = eij. (3.7) 

Let 6 = 61 + 62 + ... + Sn and set = {7 e £|((5|7) = 0} and 97 = {7 G 2\{6\-f) G 2Z}. 
Then Tl (resp. O^I) is the root lattice of An-i (resp. Dn)- Consider the vector space Ce[£] 
with basis e'^,7 G £, and the following twisted group algebra product 

e"e^ = e(a,/5)e°+^. 

In the 1-component case q = e ^ . Let C[x] be the space of polynomials in the indetermi- 
nates t = k = 1,2,... , a = |, . . . , n — i. Define S = C[t] ®c ^[-2]) the tensor 

product of algebras. Then the n-component boson-fermion correspondence is the vector 
space isomorphism 

a : F^B 

given by 

a{a''_'^y_^^^ . . . al^^^q'^ Q,^ . . . ql^i |0)) = 
m,m2 . . . m/Zht.^ . . .Ifc)'® 
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The transported charge is then as follows 

charge {p{t) e"') = ((5 | 7). 
We denote the transported charge decomposition by 

S = 

Notice that one has the following isomorphism 

m£u+2Z 

The transported action of the operators is as follows 

aa^^fT-^pW (8) eT) = mt^^W^'eT, 

aa>-i(p(t)0e-) = ^ ^ e\ ^^ ^^ 

aa^a-^{p{t)^e'y) = ((5J 7)p(t) (g) e^, 
aQaC7-''{p{t)^e'^) = e(<5„,7)p(i)®e^+^«, 
so aQaO'~^ = e*^"^^". Introduce for a € £ the operator Z° on B: 

z'^{(p{t) ® gT) = ® eT. (3.10) 

Then 

a'4}°-{z)a~^ = gS(a)<5a^s(a)<5agS(a)Ca(t,^)g-s{a)»?a{t,z)^ (3-11) 

where 

00 00 -1 o 

Ut,x)=Y,t?^' and r/„(t,z)=5^-^z-\ (3.12) 
3.2 1-component neutral fermions 

Here we recall the classical neutral boson-fermion correspondence. Let Let be a 

basis of V such that 

and with z > lie in Uq. Define the generating series 
Then we have: 

[i>{y),i>{-z)]+ = zd{y + z). (3.13) 
Let ip{z)-^- = Y^'^Qijj-iZ^ and V'(^)- = i^i^) ~ V'(^)+- Define 

fee2Z+i ^ z z 
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Then it is straightforward to check (using Wick's formula) that: 

[^{y),oi{z)] = ilj{-z)6{y + z) -^{z)6{y - z), 

(3.14) 

[a{y),a{z)] = 5'^{y - z) - 6'^{y + z), 
which means that (m € 2Z + 1, n G Z): 



[am, On] = 2m5, 



m,—n ■ 



The dm form a twisted oscillator algebra. There is no charge operator ag, therefore the 
elements ij^i from the Clifford algebra are called neutral fermions. In this case it is possible 
to express the fermions completely in terms of the oscillator algebra. 



Theorem 3.2 ( ^) 



k<o,odd k>o,odd 

The neutral or twisted boson-fermion correspondece consists of identifying the space F 
with the space i? = C[ti, ts, ts, . . . ] via the vector space isomorphism a : F ^ B given by 

a{a-mia-m2 •••a-mJO)) = mim2 . . . mstmitmi ■■■tm,- 
The transported action of the operators am is as follows 

aa-mcr'^ ip{t)) = mtmPit), 
dpit) 



aamcr ^{p{t)) 



dt. 



Then 



ai;{z)a-^ = -i\/2e^(*'^)e-'?(*'^) where 



°° f) 



t^o ^ 2z + 1 dt2i+l 

3.3 n-component neutral fermions 

In the neutral (or twisted) case we make a small distinction between n even and n odd. So 
let n = 2m + 1 if n is odd and n = 2m if n is even. We choose the following basis of V. 

{V'f }iez,a=o,±i,±2....±m if n is odd, 

(3.15) 

{ipf}iez,a=±i,±2,...±m U {vo} if n IS even, 
such that they satisfy the following conditions 

(V'f,fo) = if n is even, (3.16) 

ijf eUo if f > 0. 
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Then 

[r{y). ^\-z)]+ = 6abz6{y + z). (3.17) 

For simplicity we assume that iJ)q = fo (if n is odd). The elements ^0^*^(1 < a < tn) are 
combinations of both creation and annihilation operators. To be more precise, there exist 
elements U-i,U-2, ■ • • , U-m £ Uq and ui, U2, . . . , Um G (t^o + Cvo)"*" such that 



(ujj'i/'f) = for all a and i / 0, 
{ui,Uj) = 6i-j 



(3.18) 



and 



Then 



^ |V2(n_,-tx,) j<0. 



V''olO) = <! 71^.10) J<0, (3.20) 



As in the previous section we introduce 



a''{z)= J2 alz-^-^=:ij{z)'tLA:. (3.21) 



Using (3.14) we find 

[r{y),a\z)\ = 5a,{^P{-z)5{y + z)-^{z)5{y-z)), 
[a'^{y),a\z)] = 6ab{5'Ay - z) - Uv + z)). 



(3.22) 



The fermionic fields can be expressed in terms of the oscillators a^. However, in the 
multicomponent case one needs some extra operators (5a,0 < \a\ < m, which are uniquely 
defined by 

(3 23) 

Qa|0) = y27/;S|0). 
It is straightforward to check that 

QaQh + QhQa = '^.Sab, 

Notice that the space of highest weight vectors for the oscillator algebras, i.e., f G F such 
that Q^/ = for all a and A; > is 2'"-dimensional. It has as basis elements the set 

Qi'Q2' ■■■Qt |0) = u^i'u'^' ---ut |0), where ki = or 1. 

One now has 
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Theorem 3.3 ( 

k<o,odd k>o,odd 

We will now describe the n-component neutral (or twisted) boson-fermion correspondence. 
It caries the name twisted, because the expressions in Theorem 3.3 will be related to the 
twisted vertex operators as described in Q. 

Let, as in section 2.2, £ be the lattice over Z with basis 5a, 1 < a < m and symmetric 
bilinear form {6a\6b) = ^ab- Let 5 = 5i + 62 + ■ ■ ■ + 5m and let e : £ x £ — > {±1} be the 
bimultiplicative function defined by ( |3.5| ), ( [3.61) . Let ^ be the even sublattice with basis 
25a, 1 < a < m. Then e induces a bimultiplicative function, which we also denote by 
e, on Consider the vector space Ce[£/.^] with basis G H/^ and the following 

twisted group algebra product 

e"e^ = e(a,/3)e"+^. 

Let B = C[t] (g)c Ce[£/.^] where C[t\ is the space of polynomials in the indeterminates 
A; = 1, 3, 5, ... , 1 < a < n. Then the neutral or twisted boson-fermion correspondence is 
the vector space isomorphism a : F ^ B 
given by 

a{a''_^mA, ■ ■ ■ «XQt^Q2' • • • QJr|0» = 
One has the following isomorphism 

a{F^) = Bjj, 

where B-jj are the eigenspaces of the operator 1 (—1)'^, i-e. B = Bq + B- with 

Bjj={b£B\l(S){-lYb={-yb}. 
The transported action of the operators is as follows {k > 0,1 < a < m, < |6| < m): 

9tk 

aQaCT-\p{t) ® e<) = e(5„,7)p(t)®e^+'^% ^^'"^^^ 

aQocJ^^pit) ® el) = -(-)(^lT)p(t)8)eT. 

From now on we omit the tensor symbol ® and write as before aQaO'~^ = e^°- for < a < 
m. Then one has for < a < m: 

g<5a 

a'ip"-{z)a~^ = -^eKp{^ait,z)eyip{-ria{t,z)), 

aip^{z)(T ^ = — exp(^o(i) -2) exp(— r/o(t, ^;)) if n is odd, 

y2 (3.26) 

ic 

aijj-''{z)a'^ = -j^{-y'^eM^-a{t,z)exp{-r].a{t,z)), 
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where 



oo 2 5 
k=l k=l '-"'2k-l 



Ut,z) = J24i,z''~' and rj,{t,z) = J2,^^-j^z'-''. (3.27) 



3.4 General case 

The general case will be a combination of n charged fermions and n' neutral fermions, 
hence it combines the sections 3.1 and |3.3|. As before we assume that n' = 2m + 1 if ra' 



is odd and n' = 2m if n' is even. For notational convenience, we introduce three sets 
CF,NF and SF (Charged, Neutral and Simple Fermions): 



{0,±1,±2, ... ,±m} if n' is odd, 
{±1, ±2, . . . , ibm} if n' is even, 
CF = {±{m + 1), ±{m + 2), . . . , ±(m + n)}, 
{0} if n' is even, 
otherwise. 



NF 



SF 



We choose the basis elements il^f of V, where i G ^ + Z, i G Z, i = for a G CF, NF, SF, 
respectively. These ijjf satisfy 

r {-y6a,b6^,-j if a G NF, 

(V^^V'j) = I Sa,~bSi,-j if aG CF, 

I ^ab^oj if a G SF with i = 0. 

Moreover we assume that 

i^f G [/o if i > = vo, 

and that the V'o) o 7^ 0, are given by ( 3.19 ), where m_i, u_2, . . . , U-m G ?7o and ui,U2, ■ ■ ■ , Um G 
(C/offiCt^o)"'" are linearly independent andsatisfy ( 3.1^ ). Introduce the fermionic fields 4'°'{z) 
by 



E ip'}z-'-2 for a G CF, 



X; i^iZ-' for a G iVF. 



The commutators [■(/''^(y), V'^'C-^)] (resp. '0"(y)'^~7~^) for a G CF (resp. a G A^F) are given 
by ( ^ ) (resp. ( 3.17 )). Introduce as before the oscillator algebra 

: '0''(^)V'""(^) : for a G CF, 

a'^(z) 




^ = : V'''(z)^^^^ : for a G iVF. 

Then the commutators {y) , {z)\ and [Q'*(y, )q^(z)] for a G CF (resp. a G A^F) are 
given by fj) (resp. (pD). 
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In order to express the fermionic fields in terms of the oscillator algebra, we have to 
introduce, as before, some new operators Qa, —m <a<m + n, a^O and we let, for 
notational convenience, that Qq = ^/2vq if G SF. These Qa are uniquely defined by 

Qai^^ = -i^\Qa for a/|6|. 



Qaf, 



±a 
i 



^%^ia)Qa for a G CF, 
i^jf^Qa for a £ NF, 



V'%|0) for a G CF, 

2 

^g|0) for a CF. 



Qa\0) 



So they satisfy the following commutation relations 

QaQb + QbQa = for a / 6, 
Ql = l if a CF. 

[a%,Qb] = SkfidabQb 

Theorem 3.4 Let a e CF a > 0, b £ NF, then 

^^%z) = Q±iz±"Sexp(T^^z-^)exp(TEx^"')' 

A:<0 ^ fc>0 ^ 

i,\z) = ^exp(- ^^-')^M- E T'''^- 

k<o,odd k>o,odd 

The space of highest weight vectors for the oscillator algebra, i.e. f G F such that a^/ = 
for all A; > 0, has as basis the following vectors 

where ki = ±1 for i = 1,2, . . . ,m and ki £ Z for i = m + l,m + 2, . . . ,m + n. 
In a similar way as in the previous sections we introduce the lattice £ over Z with basis 6a, 
a = 1,2, . . . ,m + n and symmetric bilinear form {5a\5h) = 5ab- Let 5 = 5i + 82 + ■ ■ ■ + <5n+m 
and let e : £ X £ ^ {±1} be the bimultiplicative function defined by ( |3.6| - [3.71) . Let ^ be 
the even sublattice of £ generated by 26a 1 < a < m. Then e induces a bimultiplicative 
function, which we also denote by e, on £/.^. 

It will be convenient to introduce the sublattice = 9Tq = {a G £|(a|5) G 2Z} and let 
9T- = {a G £|(a|5) G 2Z + 1}. Then is well defined. From now on we will use the 
notation £, £q and £- for 2/^, , 9T/^, ^-/^ respectively. If n' = we also introduce 

mk = {aGil\{a\6) = k}, 

then notice that TIq is the root lattice of sin- The sets £,£0 and £- and OJtjt will be 
related to F, F^, Fj, F^, respectively. 

Let B = C[t] (Sic ^^[2,] where C[t] is the space of polynomials in the indeterminates t = 
{t^]^^}, fc = 1,2,... for < a G CF and k = 1,3,5 for a G NF. The orthogonal boson- 
fermion correspondence is the isomorphism a : F^B given by 



-mi ^—m2 

tmi 1^1712 



11IIIII2 . . . lilsl^mi I^m2 ■ ■ ■ ^^rris e 
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The transported operators are then given by (|]25|) for | a\ < m and ( |3.9| ) for a = m + 



1, . . . ,m + n. Then the formulas for the transported fields aip"'{z)a ^ are given by ( p.26| ) 
and (PI) for \a\ < m and ( ^ITD and (|3l2D for a G CF. 



4 Multicomponent BKP and DKP hierarchies; bihnear equa- 
tions for the r- functions and the wave functions 

Using the orthogonal boson-fermion correspondence, we can reformulate the BKP (^J^, 
DKP ([lIqI) , Modified DKP ( |L20|) , KP and modified KP hierarchies (|2l^ ) as systems of 



Hirota bilinear equations. The BKP hierarchy contains all the equations of all the other 
hierarchies. The DKP, KP and first modified KP hierarchies can be obtained by a reduction 
of BKP when n' is even, n' = and n' = 0, respectively. The boson-fermion correspondece 
in the n' odd case does not allow to express the operators S' in terms of fermionic fields. 
Reduction to the KP and modified KP hierarchies are only possible for n' = 0, since only 
then it is possible to express and in terms of the fermionic fields. 
It will be convenient to make a distinction between n' even and n' odd. For that purpose 
we introduce 

Jo if n' is even, 
1 1 if n' is odd. 



e{n') 



Observe that we can rewrite the BKP hierarchy ( |1.18 ) in terms of the fermionic fields as 
follows: 



Res,=od4(l - e(n'))^^^^ + 6(n')<(z) "^"^ 



z z 

a=l ^ ^ l^.ij 

m+n 
a=m+l 

= ir(g)r. 

We write (t(t) = J^^^^'^'yi't)^"' ? then using the orthogonal boson-fermion correspondence 
of section we rewrite ( [4.1[ ) and take the coefficient of e^, for every a, /? G £. One 
thus obtains the following equation: 

Res,=od^{i^((-)(''l"+^) - l)r„ ® 

m 
a=l 

- ^ £ e(<5.,a)(-)(^«l")i?-"(t,z)r„H_5, ®e(5a,/3)(-)('^«l^) -z)r^_5, 

a=l (42) 

+ E e(<5a,a)z(^'^l")-ii?;(t,z)r,_5, ®e(5a,/3)z-(^'"l^)-iii;^(t,-z)r^+5„ 

a—m+l 
a=m+l 

= 0. 
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Here 



°° I ^ a l~2fc (4.3) 

*2fc-l^ 2fc-l 



®*2fc-i for I a \ < m, 



= e ''■^i e for a > m. 

Further notice that TaSa = Ta+5a for | a |< m. Identifying C[t] ®C[t] with C[t',t"], where 
we write t' (resp. t") for the first (resp. second) component of the tensor product. Making 
the change of variables 

^-'-ii^r+r') ^'^^cr-r') (4.5) 



|4^) becomes: 



Ta(t + S)r^(t - s) + 

+ _L g e((5a,a + /3)(e«''(2s,^)g-r,4s,z) _ ^_^)(5,|a+/3)g?_,(2s,z)g-T,_,(s,2))^ 
a=l 

Ta-Saii + - ■5) + 



(4.6) 



m+n 



+ E e(<5a,a + /3)2(''"l"-'')-'e«"('^'^)e-^"(^'-)r„_5„(s + t)r^+5„(t-s)+ 

a=m+l 

+ "e" e(<^a,a + /3)z('5«l^— )-2e-«(2^'^)e'?«(«'^)r„+5„(s + t)T;3_5,(t-s)} = 0. 

a=m+l 

Here we have used the fact that ReSz=odzf(—z) = — ReSz=odzf{z). We can rewrite 
using elementary Schur polynomials, which are defined by (|1.13| ): 

+ £K) g P,(2.(0))P,(2.(0))P,(-2 J^) - l))x 

k=0 

Ta{t + s)r/3(t - s) + 

+ i E e('^a,« + /?) E Pfc(2s('^))Pfc(-2 J^) - (-)('5<'l"+/3)Pfc(2s(--))x 

a=l fc=0 



Pk{-2g^)r^-5As + t)rp+s{t - s) + 



m+n 



E e{5a,a + l3) E Pfe(2s(«))Pfc_i+(5^|,_^)(- 



a=m+l fc=0 
ra-5,(s + t)r/3+5,(t-s) + 



X 



E e{5a,a + l3) E Pfc(-2s("))P,_i+(,„|^_,)(^)x 



a=m+l fc=0 

r„+5^(s + t)Tf^-5a{t -s) = 0. 
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where 

d 



a 


1 


a 


1 


a 




' 2 




' 3 




a 


1 


a 


1 


a 


a5<"' 


' 3 




' 5 


asi"^ 



a > m, 



Using Taylors formula we rewrite this once more: 

\fe=0 

D{s, u)Ta{t + u)rs(t - -u) |t,=o 
+ i E e('5a,« + /3) E Pfc(2s('^))Pfc(-2^) - (-)(^''l°+«P,(25(--))x 

a=l fc=0 

Pk{-'^Q:^)D{s,u)Tc,-5St + u)Tp+sSt-u) \u=0 + 
+ "e" <5a,a + [i)Y: Pu{2s^'^))Pk-iH&a\c.-P){-Q^)D{s,u) (4-7) 



a=m+l A;=0 
Ta_5„(t + U)n+Sa{^ - U) \u=0 + 



m+n ov ~ 

+ E e('^a,a + /?) E A(-2s('^^)Pfc-i+(5„|/3-a)(^)I?(s,n)x 

a=m+l fc=0 

7"a+<5,(t + u)Tp_Sa{t - U) \u=0= 0. 



where 



m oc oo m oo 



Z-^ 2r— 1 (a) ^ 2r — 1 (0) 2r— 1 ( — a) 



In fact ( fi^ ) is a generating series of Hirota bilinear equations (see the Introduction) . 
The equations for the DKP and modified DKP hierarchies are only given if n! is even, so 
e(n') = 0. Then the two DKP hierarchies are the set of equations for wich either a, /? € £o 
or a, /3 G £i. The modified DKP is the set of equations for which a G £g and /3 S £- (or 
the other way around which gives the same set of equations). The equations for the KP 
or first modified KP hierarchy appear only if n' = m = e(n') = and one assumes that 
Ta = for all a except a £ 971^, respectively a £ Tlk U It is straightforward to see 



that for those r's the equations (|4.7D decouple into two sets of equations, which are in fact 
equivalent by Theorem (^^). 

We wil now give the bilinear equation for the wave functions. Following T. Shiota [p!^ ] 
in which he describes wave functions for the 2 component BKP hierarchy, we are lead in 
this general case (n, n' non-negative integers) to introduce two wave functions. But before 
doing that it will be convenient to replace in ( |4.9| ) t^""^ by t^"^ + 6jiXo if a > and by 

^i"^ + 6jixi if a < 0, then of course will be a function of all ij'^^'s and xq, xi, we will use 
the notation Ty{x,t). 

We will reformulate ([4.2]) in such a way that we obtain expressions involving matrix valued 



formal pseudodifferential operators in do = and di = 
Introduce 

P^''{a,X,t,±z) = {P^" {a,X,t,±z)jk)-n<j,k<n+m 
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for (7 = 0, 1 as follows. Let A = +, — and assume j = 1, 2, . . . , m + n if A = + and 
j = m + l,m + 2, ... , m + n if A = —, then define 



P^^{a, X, t, ±z)xj+Sx,-m,k = 

Tc{x,t) 

Ta{x,t) 

il-ein'))Ta±xsA^,t)-e{n')e-'^o(i,±-)r^j^^S (x,t) 



-kZ 



Ta{x,t) 



x{x,t) 



if k = 1, . . . ,m, 

if k = m + 1, . . . ,m + n, 

if ^ = 0, 

if k = —1, . . . , — n, 



P^"{a,x,t,±z)o,k 



Ta(x,t) 
Ta{x,t) 



if k = 1, ... ,171, 

if k = m + 1, . . . ,m + n. 



l-e(nO+c(nO --tS!l)^"" if = 0, 

ra(a;,t) ' ' ' 



(4.8) 



for _7 = 1, 2, . . . ,m + n and 

P^^(a,x,t,±z)ofe = { 



Ta{x,t) 
Sjk 



Ta{x,t) 



if k = 1, . . . ,m, 

if k = m+ 1, . . . ,m + n, 

or A; = —1, . . . , — n, 

if = 0, 



5feO 



Ta{x,t) 



if A; 7^ 1, 2, . . . , m, 



if k = 1, . . . ,m, 



P^^{a,x,t,±z)jk 



5jk if k^O, 

Ta (X,t) 



for j = -1,-2,... ,-n. 

Next define <3=^'"(t, ±z), R^^^a, ±z) (a = 0, 1) and S'(z)as follows: 
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m+n 

Q^^{t,±z) = J2 e±«^(*'^)Sjj + (l-e(n') + e(n')e±«o(*'^))Soo+ 
i=i 

+ E e'f^-^-^^^'-'^Ejj, (4.9) 

j=-n 

m m+n —1 

j=l j=m+l j=-n 



j=l j=m+l 
j=-n 

R^\a,±z) = Y.<5,,a)[-f'^\^)E,,+ "g" E,, + E E,,, 

j=l j=m+l j=-n 



(4.10) 



1 m m+n —1 

^(^) = ^ E + E ^i^ - E (4.11) 

j=0 j=m+l j=-n 

And introduce the wave operators 

W^^ia, X, t, ±z) = P^^ia, X, t, ±z)Q^''{t, ±z)R^''ia, ±z) (4.12) 
and the wave functions 

*^'"(a, X, t, z) = W^^'ia, X, t, ±z)e^^-\ (4.13) 
Then (4.2) is equivalent to the following bihnear identity of the wave functions 
Res^=o(i^^+°(a, x, t, z)S{zY'^-^{(3, x', t', z) = 
Res2=odz^'+i(a, x, t, z)S{zf^-^{[3, x', t', z). 



(4.14) 



5 Multicomponent BKP and DKP hierarchies; Sato and 
Lax equations 

We will now rewrite the bilinear identity for the wave functions in terms of formal pseudo- 
differential operators. 

Let N be some positive integer, d — a formal N x N matrix pseudodifferential operator 
with parameters t = {t^j^) is an expression of the form 

P{x,t,d)=Y,Pj{x,t)<y, (5.1) 

where the Pj's are N x N matrices over the algebra of formal power series over C in the 
indeterminates x and t. The largest M such that Pm 7^ is called the order of P{x,t,d) 
(we write ordP(x, t, d) = M, we sometimes allow M to be 00). One defines the differential 
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part of Pix,t,d) by P{x,t,d)+ = T.j>oPj{x,t)d^ and let P_ = P - P^. The vector 
space ^ over C of all formal psuedodifferential operators decomposes in a natural way 
^ = ^_ © and turns into a algebra; the product is defined by 

One has a natural linear anti-involution * on it is defined by 

{P{x,t)d^)* = i-dYo *P{x,t) 
It preserves the decomposition ^ = ^_ © 

The following Lemma will be very essential, for a proof see [pl|. 

Lemma 5.1 Let P{x,t,d) and Q{x,t,d) be two formal pseudodifferential operators. Then 

Res,=odz(P(x, t, 9)e^^)( t' , d')e^^^') = V RAx, t, t') ~f ' 

i=o 

if and only if 

OO 

{P{x,t,d)oQ{x,t',d)*)- =Y,Rjix,t,t')d-^-^ 

j=0 

As a consequence of this lemma one has 

Corollary 5.1 Let P(x,t,d) and Q{x,t,d) be two formal matrix pseudodifferential oper- 
ators. Then 

Res,=odz{P{x, t, 9)e^^)( ^Q{x', t' , 5')e-^^') = ^ Rj{x, t)Sj{x', t') 

3 

if and only if 

{P{x,t,d)Q{x,t',d)*)^ = Y,Rj{x,t)d-^Sj{x,t'). 

3 

Now let d = ox di. Then 

"^^^ {a, xq,xi, t,z) = W^''{a,XQ,xi,t,d„)e^'''''' 

where 

W^%a, xo,xi,t, d,) = P^^a, xo,xi,t, a,)Q^"(t, d^). 



(5.2) 



Using the above corollary we deduce that ( 4.14 ) is equivalent to 

(VF+0(a, xo, xi,t, 5o)5(ao)VF-0(/3, xq, x[,t', do)*)- 
= Res,=odzW+^{a, xo,xi,t, z)5(z)e^i^5o ^ ^W-^{(3, xq, x[,t'z)e-<^ 
and 

{W+\a, xo,xi,t, di)Sidi)W~\/3, x'o,xut', 
= Res,=o(iziy+°(a, xo,xi,t, z)S{z)e^^-d^^ x'Q,xi,t', ^)e-"«^ (5.3) 
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from which one deduces: 



{W+^{a, xo, XI, t, do)Sido)d^^W-^{P, xo,xi,t', 9o)*)~ 
= (W+^a, xo, XI, t, di)S{di)do^W-\f3, xo, xi,t', 



Hence 



(W+^ia, xo, xi, do)S{do)W-'>{P, xo, xi, i', ^0)*)- = 
Res9,W+H»,xo,xi,t,di)S{di)dQ^W-HP,xo,xi,t',d'r 



and 



{W+\a,xo,xi,t,di)S{di)W-\,xo,xi,t',dir). = 
Res9oPF+0(a, xo, xi, t, do)S{do)d^^W-'>{P, xq, xi, t', 5o) 



where 



Notice that 



1 



i?T(-a,9,). 



(5.4) 



Unfortunately, we cannot prove that P^'^{a,xo,xi,t,da-) is invertible for arbitrary m. 
Hence we do not know if it is possible to define the operator = L„{a,XQ,xi,t,dfj) = 
P~^'^{a,xo,xi,t,da)d^P^'^{a,xo,xi,t,da)~^ such that 



For that reason we assume from now on that m = 0. It is then straightforward to check 



So from now on we assume that xo = xi and hence that there is only one d^, viz do, and 
write from now on x and d instead of xo and Oq. 

We also remove all superscripts a and write T^{a, x,t) instead of P^^{a,x,t,d). Then 
the bilinear identity of the wave function ^^{a,x,t, z) = W^{a,x,t,d)e^^^ takes the 
following form 



Laip~^'^{a, Xo, xi, t, z) = zip'^'^{a, xo, xi, t, z). 




ReSz=odz^+{a, x, t, z)S{z) *^'(/3, x',t', z) 
= Res^=odzT+{a, x, t)5(z)e^^ ^T" (a, x' ,t')e 



—x'z 



(5.6) 



Using Corollary 5J. one deduces 



(Vr+(a, X, t, d)S{d)W- (/?, x, t\ d)*) 
T+ia,x,t)^Eood~' 'p- {(3,x,t'), 



(5.7) 
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from which we deduce, using (5.4 - ^.SD , that 

P~{a,x,t,dy = S{d)-^P+{a,x,t,d)-^T+{a,x,t)S{d) ^T-{a,x,t) (5.8) 

and that 

(P+(a, X, t, d)R+ia - /?, 9)P+(/3, x, t, d)-^T{P, x, t)S{d))- = -T{a, x, t)Eood-^. 

(5.9) 

In order to get nice formulas we change the wave function. Define 

^'^{a,x,t, z) = V'^{a,x,t,d)e'^^^ where 

V^{a,x,t,d) = K^{a,x,t,d)R^{a,d)Q^{t,d) and (5.10) 
K^{a,x,t,d) = T^{a,x,t)~-^P^{a,x,t,d). 

Notice that 

^^{a,x,t, z) = P^{a,x,t) "^[^{0, x,t, z), 

(5.11) 

'if^{a,x,t,z) = {^I - ^KQ{a,x,t))^^{a,x,t,z). 
With the above definitions, formulas ( ^.61 - 15.91 ) turn into 

Res^=odz^+{a,x,t,z)S{d) *$-(/?, x', t', z) = ^Eoo, (5.12) 

{V+{a,x,t,d)S{d)V~{P,x,t,d))^ = ^Eood-\ (5.13) 
K'{a,x,t,dy = S{d)~^K+{a,x,t,d)~^S{d), (5.14) 
{K+{a, X, t, d)R+{a - /3, d)K+{P, x, t, d)-^S{d))- = ^Eood'^ (5.15) 



To obtain Sato's equation we differentiate ( ^.12| ) by t^""* and use lemma 5J and ( ^.14 ) 



dK+{a,x^,t,d) ^ _(^K+{a,x,t,d)Nii,a)K+{a,x,t,d)-^Sid))-S{d)~^K+{a,x,t,d), 

(5.16) 



where 

f d^Eoo if a = (only if e(n') = 1), 
N{£,a)) = \ 

[ d'Eaa - {-dYE.a,-a- 

To make the formulas nicer, we introduce a new decomposition of ^, viz, let 

P> = {PS{d))+S{d)-^ , P^ = P-P> (5.17) 

then 
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and ( ^.15| ) and ( 5.16 ) turn into 



{K+{a,x,t,d)R+{a- /3,d)K+{/3,x,t,dy^)< = Eqq, (5.18) 
dK+{a,x,t,d) _ 



^4"^ (5.19) 
This new decomposition of ^ is very natural, it is based on the following observations. 
Lemma 5.2 Let A = Y,^^-n^j~j> 

K^{a,x,t,d) = AK-{a,x,t,d)A 

The proof of this lemma is a straightforward verification of the following two facts 
T+{a,x,t,d) = AT-{a,x,t,d)A and P+{a,x,t,d) = AP' {a,x,t,d)A. 
Let D = S{d)A, then 

1 " 

and define the linear anti involution i : ^ ^ ^ hy 

i{P{x, t, d)) = D P{x, t, d)*D-^ (5.21) 
Then i preserves the decomposition ^ = ^< © ^> and 

i{K+{a,x,t,d)) = K+{a,x,t,d)-^, 

i{Q+{t,d)) = Q+{t,d)-\ 

i{R+{a,d)) = R+{a,d)-\ 

(5.22) 

i{V+{a,x,t,d)) = V+{a,x,t,d)-^, 

i{K+{a, X, t, d)N{e, a)K+ (a, x, t, d)'^) = -K+{a, x, t, d)N{i, a)K+ (q, x, t, d)-\ 



The last line of ( ^.221) is a consequence of the following 
Lemma 5.3 Let P{x, td) be a pseudodijjerential operator then 

i{V+{a, X, t, d)P{x, t, d)V+{a, x, t, d)~^ = XV+{a, x, t, d)P{x, t, d)V+{a, x, t, d)'^ 
if and only if i{P{x, t, d)) = XP{x, t, d). 
Notice that the subspace 

= {P G ^ I i{p) = -P} 

is a subalgebra of ^ with respect to the product [^4,5] = AoB — BoA, it will play an 
important role in the theorey of the BKP hierarchy. 

Proposition 5.1 Let a,(3 supp r such that a — (3 = 5i or —5i. Then K{a) = 
[a^x^t^d) is completely determined by K{f3) = K^{P,x,t,d). 
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Proof. 

For simplicity of notations we only consider the case that a — P = 5i. Then R'^{a — (3) = 
Ad + B + Cd-^ where 

n 

A = Eii, B = —Eqo + ^ ^ji^jji C = —E-i^-i. 

oo oo 

For K{a) = J2 K{a)^i^ = K{a)^^\l + J2 VF(q)(J)), its inverse is 

j=0 j=l 

K{a)-^ = {I -W{a)(^^ + ...)K{aY^^~' 

= {I- K{a)^'^y' K{a)^^) + ... )K{a)(^^~' 

It follows from (|5.18|) that 

{K{a)iAd + B + Cd-^)K{[3)-^)^ = Eoq. 
Now calculating {K{a){Ad + B + Cd-^)K{(3y^)> we obtain 
K{a){Ad + B + Cd~^)K{p)-^ = 

i^(a)(o)^[K(/3)(o)-'9 + 9(K(/3)(o)-') - VF(/3)(i)K(/3)(0)''] + K(a)«^i^(/3)W"' + 

i^(a)W5i^(/5)W - (K(a)(0)^[5(K(/3)(0)"') - W^(/3)(i)i^(/5)W~'] 

+K(a)(i).4/^(/5)W +K(a)(0)5/^(/5)W - 1)^00- 

Now multiply this from the left by K{aY^^ ^ and from the right by K{P) and equating 
the coefficients of d"^ we find for d^: 

- VF(/3)(i)K(/3)(0)"'] + M^(i)(a)yli^(/3)W + 

(5.23) 

and for d^^ , j = 1,2, . . . : 

W{aY^+'^^A + Wia)^^^B + W{a)^^~^^C = 

A[d{W{p)(^^) + - + W{a)^^^AW{P)^^^ + 

BW{I3Y^'^ - {A[d{K{pY^^'') - + W{a)^^^ AK{pY^'^~' (5.24) 

From (l5l2^ ) we deduce that 

{^[9(K(/3)W"')VF(/3)«i^(/3) + W'(a)«>lK(/3)(0)"' + 

(5.25) 

5K(/3)(o)-' - ir(a)W }^oo = 0. 



Now substitute this in ( |5.24 ) and one obtains 



VF(q)(-''+iU + Wiayj'^B + l^(a)(J-i)C7 = 

A[d{W{P)^^^) + VF(/3)(J+^) - W'(/3)(1)VF(/?)(J')] + VF(q)(i)AH^(/3)(j) + 51^(/3)(^')(.5.26) 
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It is clear from ( ^.26 ) that alle W{aY^\ except {W{a)^^ , can be expressed in W{P) and 
(W(a)«)£,i {-n<£<n). 



Now take the (0, 0)-entry of (5.25) one has 



(t^(a)«)o.(K(/3)(°)"" 



'iO 



2. 



Now notice that 



(i^(7)(0)-^ - /) = -(i^(7)(°) - /) = -2(P(7)(°) - /), 
(P(^)(o) _ j)^.^ = for A; / and j = A; = 0. 



(5.27) 



Using this we take the (j, 0)-th entry of ( p. 25 ) and deduce from this that {W{a)^^^)oi can 
be expressed in i^(/?)(o), VF(/?){i) and K(aj^. Hence using (|5.27| ) it suffices to determine 
{P{a)(%o (j/0). 

Now for j ^ one has: 



'^13+6. 



j>0, 
i i<0. 



Since (P(/5)(°))io = -Tp+sjrfs / one deduces from (|]|) that 



(^(«)^°)).o 



,-[(P(/3)(o)),,o]-i(P(/3)(^-^"^))., 
6,_,[(P(/3)0)).o]-n^(/3)(^+'-^); 



i > 
j < 



Hence K{a) is completely determined by K{f3). □ 
From now on we write V {a) , K {a) , R{a) , etc. instead of F^(a, x, t, 9), /C+(a, x, i, d), etc. 
Define the following operators: 



L{a) 
M{a) 
N{a,l3) 
Cijia) 



V{a)d-W{a)-\ 
V{a)xV{a)-\ 
Via)Vif3)-\ 
Via)EijVia)-\ 



(5.28) 



where we write x and d for xl2n+i and dl2n+i- 

Notice, that several of the products appearing in ( |5.28| ) consist of products of infinite order 
pseudodifferential operators. Mulase showed in that being careful enough, one can 
indeed take products of infinite order operators. For more details see H], [||]. The above 
operators act on the wave function, as follows 



L(a)<I>(a, z) 
M{a)^{a,z) 
iV(a, /?)$(/?, z) 



<I>(a, z)z, 
<I>(a, z)x, 
$(a,z), 
^{a,z)Eij. 



(5.29) 
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It is easy to see that the operators L{a), N{a, f3) and Ci{a) := Cjj(a) are well-defined, 
they are finite order formal pseudodifferential operators: 

L(a) = K{a)dK{a)-\ 

N{a,p) = K{a)R{a- f3)K{f3)-\ (5.30) 
a{a) = K{a)EuK{a)-K 

Remark 5.1 It is important to notice that the operators L(a),M(a) and Cij{a) have the 
same commutation relations as d, x and Eij respectively. 

We deduce from ( [5l8H5l9| ) that 

N{a,(5) 



dV{a) 

dt^;^ 



N{a,(5)>+Eoo, 
B{a,i,a)V{a), 



where 



This leads to 



dL{a) 

dt^f^ 
dM{a) 

~dt^ 

dN{a [3) 

dt];^ 



dt 



B{a,i,a) = {K{a)N{£,a)K{a)-^)>. 

= [B{a,i,a),L{a)], 
= [B{a,i,a),M{a)], 

B{a, e, a)N{a, /3) - N{a, l3)B{f3, £, a) 
[B{a, i, a), Cij{a)]. 



(5.31) 



(5.32) 



(5.33) 



and to 



d^{a, z) 



dt 



(a) 



B{a,£,a)^{a,z). 



(5.34) 



The equations ( |5.33| ) are called Lax equations, they are a direct consequence of the Sato 
equation. 

Let e(n') = in this case a reduction to the DKP hierarchy and KP hierarchy is possible. 
Notice that a BKP tau function r = J2a ''"a^" is a DKP (resp. KP) tau function if suppr C 
OTq or suppr C (resp. suppr C Tlk for some k £ Z). The corresponding wave functions 
^{a,z) then have a simpler form, in fact $(a,z) = ^{a,z) i.e., ^{a,z)io = ^{a,z)oi = 
for i ^ 0. If r is a KP tau function and a G suppr, then $(a, z) has an even simpler form. 
One finds that also ^{a,z)ij = for i > > j and i < < j. And the corresponding 
wave function is of the form 



0...0 








1 




0...0 



*+(«, 
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Here ^"^(a, z) is a wave function of the n-component KP hierarchy (see ||TT[| ) and ^' (a, z) 
is up to permutation of the indices the adjoint wave function. 

6 The Orlov-Schulman-Adler-Shiota-van Moerbeke formula 

In this section we will derive a generalization of the Orlov-Schulman-Adler-Shiota-van Mo- 
erbeke (OSASM) formula for the BKP hierarchy. A formula that connects the action of 
some VF-algebra on the tau functions to the so-called additional symmetries on the wave 
function. This formula was stated for the (1-component) KP hierarchy by Orlov and Schul- 



man |14| and proved by Adler, Shiota and van Moerbeke ( |||], [g] see also [19|). Operators 
from the subspace = {P £ ^ \ i{P) = —P} of the space of formal pseudodifferential 
operators, which form a subalgebra with respect to the Lie product [A, = AoB — B o A, 
appear in this OSASM-formula. 

Notice that the subspace generated by L, , M and Cij is isomorphic to D{gl2n+i), the 
algebra of differential operators on C[t, The intersection D{gl2n+i) H then 
forms a subalgebra D^'^\gl2n+i) of D{gl2n+i)- From now on let e = e(n') = if n' = 
and = 1 if n' = 1. If e = we need yet another subalgebra, viz D^'^\gl2n)- We view 
this algebra as the subalgebra of D^^\gl2n+i) where the 0th row and column are zero. A 
central extension Wi^^{gl2n+€) = D'"'^\gl2n+e)®'Cc of D^'^\gl2n+e) can also be formulated 
in terms of the fermions. 

Let p,q G {0,1,2, .. . , n}, v,a G {+, — } and define 

X-^f'^^y, w) =: r^'H V \ , ' (6-1) 

where p,q ^ if e = and if e = 1 and p = or q = then we assume that = +,a = + 
respectively. Notice that 

= rP{uy)^^^^^^ - ^{5,,, + (1 - <5p,o)5.,-.). (6.2) 

y^Oq.O y — W 



We write 



1=0 



= E xl+^'''P''"'w-^-^-\ 

We can now calculate the Lie bracket of the elements x^'^^'^^''^'^ and X^^'f^'^''^^ , for that 
purpose we use the folowing. The operator ^cts on the Clifford algebra by 

derivations via the adjoint representation (a € CIV): 

By identifying (j G Z, = -|-, — ): 

(6.4) 

(-)^V'? = V2t^eo if e = 1, 
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where ej, —n < j < n, is a basis of C^"^^ (we assume that j 7^ if e = 0), we can 

identify, via (|6^), the elements X^^^''^^''^'^ with certain elements in wl'^^{gl2n+e) ■ One 
easily verifies that 

jgZ ~J 2 — 2 — 

= -i-<^y~''"4q,P)t'+'&E^a,,up (6.5) 

where [j]^ = j{j - 1) . . . {j - i + I) and s(p, q) = {^/2Ypo-^^^o . 

Using Wicks theorem we can calculate the commutation relations between ^nd 

one has a central extension: 

^^+l,i.p,ag^„+l,^,,As _ ^n+l,Mr,As^n+l,^P,<xg ^ a(Xf+^''^P'"'?, . (6.6) 

The first part of the left-hand-side of ( |6.6| ) can be determined using ( |6.5D . The two cocycle 
a is determined as follows. The constant term of the OPE 

where we assume that i/, a, //, A = + whenever p, r, 5 = respectively, is equal to 
^(JpO + (1 - 5p0)<5.,-A)^(5,0 + (1 - S,o)6.,.,) 

-j^{-^ou + (1 - <5po)(^.,-^)^(^ + (1 - <^,o)5.,~a). 

Now differentiate this I times to y and n times to u and put w = y and v = u, we thus 
find ^ 

dpsdgriyiJ-{6pO + (1 - (Jpo)5i/-A)(^gO + (1 - V)^':^-^) / ^_ \i+n+2 

-6pr6gsi^xC-f + {l-6go)S^,-x)x 



-m 



From which we conclude that 

(A; -|- ^ \ 

- V^gsi^A(5gO + (1 - ^o)Sa,-x){-Spo{e + n + l)\(^ ^ +^ + 1 ) ^ ^^'^^ 
{l-5po)6.A^ + n)l(^^^^^^^ ^}(-)'=+^+i5,,_^_,^.,+5,„. 

In a similar way as for pseudo differential operators we have a linear anti-involution * on 
D{gl2n+i), let A C ghn+i then we define 

{tH§-/Ar = {§-/{-t)' 'A. (6.8) 
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Let (compare with D, see (5.20)) 



1 " 

C = -Eoof' + J2 - E.jj, (6.9) 



i=i 



then we also have a linear anti-involution on D{gl2n+i) that is compatible with i on for 
notational convenience we shall denote this involution also by i; let X G D{gl2n+i) then 

i{X) = C-^X*C. (6.10) 

We can extend i to Wi+ooighn+i), by defining i(c) = — c. Now notice that the elements 
( |6.5| ) satisfy 

■^^i+l,.p,aq^ = (6.11) 



(6.12) 



Let a G £, in analogy with ( |6.3| ) and (|6.5D we define 

Y'^P''^i{a,y,w) = E E i^ti'-'=-^-U(-<^)'"^^°s(g,p)M(a)^L(a)^+^ap,_,g(a)+ 

(_j,)i-5p05(p^g)(_i(c,))fe+^-5,oM(a)^L(a)V'a,,_^p(a)}, 
Z™(a,y,u;) = pW-i^^^y^^^^ y^)p(o)-i 

Then 

y^P'^''(a,y,yj)^(a,z) = 
e=ok& 

(_j,)l-5pOs(p, g)z'5pO(^)^(_^)fc+^-5,o^(c,,^)^^^__^p} 
= (-a)i-'5«Os(g,p)5(ti; - z)^{a, y)E^p^^„q+ 

(_i.)i-5pOs(p, q){-yYpOw-^^''6iy + z)^{a,-w)E^g^^^p. 

We have now given all the ingredients to determine the OSASM-formula. The proof of 
this formula is based on the following simple observation. Let v G V then 

iv'S)l)S =l'g)v- Sivg)!). (6.14) 

From ( 6.14| ) we deduce that {u,v G V) 



(6.13) 



S{UVT ® t) + UT ® VT — VT ® UT = -UVT ® T. (6.15) 

Now replacing u by ip^'^^uy) and v by if)'"^ the equation ( |6.15| ) still holds. Next using 
(|6.2|) we obtain 



w w ''^ 

iX™(y,«;)r0T. (6.16) 
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Again we assume that z^, a = + whenever p, respectively q = 0. In the same way as 
in section 4 we use the vertex operators for these fermionic fields and replace all t^'^ by 
+ X. We then take the coefficient of 

^a+xs, ^ g/3-M4 ^ A, ;u = +, -, < i, A: < n. 

From now on we assume that 6o = whenever e = 0. Since X'^P'°'''{y, w) is not well-defined 
on we define 



{y, w)T^ix, t) = ((1 - 5p,o)6(Jp, 7 + 6,)iuy)(-^''r>h+'^'^) + ^^^^ tll!!^) x 

(6.17) 

Using all this ( |6.16 ) turns into 

Res,=odz{^{-)^^\^+^^^^X'^P'''''{y,w)T^+xs,^u5,-a5,{x,t^^^^ 

n 
a=l 

a=l 

+X^P(i/y)r„+A<5j_,,5j,(a;,t) ^ H'^g^"''' '^^-f^Sk-aS^ {x, t) 

-^^:^^'^a+\S,~a&g{x,t)®XyP{vy)Ti3^^5^^i,5^{x,t) 

Now divide by r^^ (8) and rewrite terms like 

ra+A5,-5,(a;,i) / Ta{x,t) 



e 



Remove the tensor symbols and write x' , t' etc. for the second component of the tensor 
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product. Then (|6.1S| ) is equivalent to 



1 1 1,1, X 



i-^i^+(a, X, t, y)xj,up^~ iP, x',t', w)^k 



-aq 



1 1 



= Resz=ndz 



Now use (6.13) and the observation that 



KeSz=odz— f {±u) = ReSz=odz ± 6{u =F z)f{z), 



then (6.19) turns into 



ReSz=odzExj,\j{{il - e) 



I'^P'^'liy, w)Ta+x5j-uSp-cTSq {x, t) 
Ta+X5, {x, t) 



+ee-^oit,.)^ ^'''''''(y^ y^)ra+xs -.s <.s, {x, t) ^^^^^^^ ^^^^^^^ **-(/3, x', t', z) 

Ta+X5Ax,t) 



T-a+\5i-5aix,t) 



{x,t) 



a=l 



)^-^ia,x,t,z) S{z)Eaa '-^-{P^x^t^z) 



+ 



a=l 



+Z''P^'"'{y, w)^+{a, X, t, z) {p, x',t', z)} 

X-P'^'i{y,w)T^+X5,-uS,-aS,{x,t) 



--Res z=odzExj,xj - 



Ta+\5Ax,t) 



T+{a,x,t,z)^'T-{P,x',t',z) 
2z 



Next take P = a and define 



oo 

(1 — ej z — , ■ /^A r 



if a = 0. 
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Again we assume that /i = + when a = 0. Now using corollary 5.1 we deduce from ( |6.20| ) 
that 

n oo 

Exj,xj{Z''P''''iia,y,w)P+{a)S{d)P-{ar + E E U^^ik)P+{a)Eaad~''Sid)p- (a)*). 

a=-n k=0 

- ^^J^J r,+xs^(x,t) ^ (aj^— J a- 



Substitute (|5.8|) and one obtains. 

ii;A,,Ai (^"^•"''(a, y, ti^)T+ (a)5(9) ^T^ (a)+ 

n oo 

+ E E f^a^(fc)^+(«)Ka9-'=p+(a)-ir+(a)5(5)*r-(a))_ 

a=-n A;=0 

- ^^^'^^ r^+xs^ix,t) ^ J W- 

We can mulitply from the right with (*r(a)~)~^, then the above formula is equivalent to 



n oo 



a=-n /c=0 



^7 

Now notice that 



^nn) = 0. 



£'ooT(a)+ = Eoo, 

Exj,xjT+{a) = Exj,xj + "tl{x,t) ^ ^^jfi' 
from which one concludes that 

n oo 

ExjMY-P''^''{a,y,w)<+ E E U^'{k){K+{a)Eaad-HK+{a))-^)< 

Q — — TL — 

r.4-A.,(x,t) ^oo) = 0. (6.21) 

Finally, act with the left-hand-side of formula (|6.21j) on ^^{a,x,t,z) and one obtains the 
OSASM-formula. 

Theorem 6.1 Let < j < n, A = +, — and A = + when j = 0, moreover assume that 
6o = 0. Then one has the following OSASM-formula for the BKP hierarchy: 

Exj,xjY''P'''''ia, y, u;)<$+(a, x, t, z) = 

-i?.,.,((i+e(e--(*-)-i))(^:^::^^ 



Eoo^+{a,x,t,z))+ 



+ E(e ""(^'^n r',^(x/ )^+{a,x,t,z)Ea 



ll-'P.'^i{y,w)T^+xSj-Sa-.Sp-^Sq{x,t) 

Ta + XSj -Sa (X,t) 



)Eaa^'^ia,X,t,z)) 



+ E ie^'^i^^-^){^^-^^^^^^^ X, t, z)E.^,.^ 



a=l "^^"3 

'''"^{y,w)'ra + \Sj+Sa->'Sp-aSq{x,t) 



E_a-a'^^{a,X,t,z)). 
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